Abstract: Vortex light beams are structures of the electromagnetic field with a spiral phase ramp around a point-phase singularity. These vortices have many applications in the optical regime, ranging from optical trapping and quantum information to spectroscopy and microscopy. The extension of vortices into the extreme-ultraviolet (XUV)/X-ray regime constitutes a significant step forward to bring those applications to the nanometer or even atomic scale. The recent development of a new generation of X-ray sources, and the refinement of other techniques, such as harmonic generation, have boosted the interest of producing vortex beams at short wavelengths. In this manuscript, we review the recent studies in the subject, and we collect the major prospects of this emerging field. We also focus on the unique and promising applications of ultrashort XUV/X-ray vortex pulses.
Introduction
The mechanical properties of light have been known, or at least suspected, since Kepler conjectured the Sun's radiation pressure to explain the tails of comets. With the development of Maxwell's unified theory of electric, magnetic and optical phenomena, a quantitative description of such effects became possible. Just as it occurs with matter, electromagnetic radiation was shown to carry energy as well as linear and angular momenta. It was therefore expected that, under suitable conditions, the momentum exchange should be observable during the interaction of radiation and matter.
In 1909, Poynting demonstrated the connection of the angular momentum of light to its polarization [1] . It is actually well known that each photon of a collimated circularly polarized beam carries ±h of angular momentum, which is called spin angular momentum (SAM). Eight decades later, in 1992, Allen and coworkers [2] demonstrated a way to generate laser beams having a orbital angular momentum (OAM) imprinting helical phase fronts with azimuthal dependence e i φ . In such beams, each photon carries h OAM, in addition to SAM, along the propagation direction. While this transverse spatial mode of light is related to OAM, the polarization is related to SAM. Different experimental observations have demonstrated that both angular momenta, OAM and SAM, can be transferred to macroscopic objects [2, 3] , paving the way to new opto-mechanical devices, at least for visible and long wavelength light.
OAM beams have opened a wide range of applications in the optical regime. The transversal structure allows for spatial optical trapping of microscopic objects, with interesting applications on micromachine and biotechnology, and phase-contrast microscopy [4, 5] . On the other hand, the exchange of momentum-the possibility to transfer OAM from light to atoms, molecules, or an ensemble of atoms-arose interesting applications in quantum optics, quantum communication and information [6] . Since 1992, we have witnessed an extraordinary progress in different and multidisciplinary fields using optical vortices.
In recent years the production of XUV/X-ray vortices has been boosted by the interest to extend microscopy and spectroscopy applications down to the atomic and nanometric scale. Short wavelengths drastically reduce the diffraction limit, but also make it possible to generate ultrashort pulses in the femtosecond (10 −15 s) and attosecond (10 −18 s) regimes, opening the door to "real time" observation at the natural time scales of electron and nuclei motion.
Nowadays there are two main methods to produce ultrashort XUV/X-ray pulses: using laser-based or accelerator-based sources. In this manuscript we review the recent studies in the emerging field of short wavelength vortex production and we summarize some of the most promising applications that resort to ultrashort XUV/X-ray vortex pulses.
Generation of XUV Vortices with Laser-Based Sources
Since 1985, with the development of the chirped pulse amplification (CPA) technique [7] , we have seen an extraordinary progress in the production of high-power ultrashort lasers. Intense infrared (IR) ultrashort pulses of femtosecond duration, from single-cycle to several dozens of femtoseconds or above, are produced using typically a broadband gain material such as Ti:Sapphire. These ultrashort lasers have opened new possibilities to use the light-matter interaction for a large number of applications in different fields of chemistry, biology, medicine, materials science and physics.
There are two main schemes to generate XUV/X-ray light using intense lasers: a gas-phase atomic target interacting with a moderately-intense (10 13 -10 15 W/cm 2 ) laser pulse, the so-called high-order harmonic generation (HHG), and a plasma interacting with an intense (>10 18 W/cm 2 ) laser pulse. In the following, we collect the recent theoretical proposals to generate vortex XUV/X-ray pulses using these schemes. At the end of this section we also revise some recent proposals to generate vortices in the XUV/X-ray regime based on a Compton backscattering scheme, where an intense laser pulse interacts with a relativistic electron beam, moving in the direction opposite to the laser pulse.
High Harmonic Vortex Generation
Although X-ray optics can be used to imprint angular momentum onto XUV and X-ray light, in practice such optics are challenging to fabricate and have poor throughput and limited bandwidth. A novel and appealing option is the direct generation of XUV/soft X-ray beams carrying OAM through HHG. The basic mechanism underlying HHG is based on nonlinear optics, and opens a rich scenario where the production of laser-driven coherent XUV/soft X-rays can be precisely controlled.
The nonlinear process of HHG is induced during the interaction of intense lasers with atoms, molecules, and clusters [8, 9] . In contrast to perturbative harmonic generation, HHG is a non-perturbative process, as the strong field involved in HHG is comparable to the binding Coulomb field in an atom or molecule. It can be understood with a simple semiclassical picture [10, 11] : the electron in a valence shell is promoted into the continuum via tunnel ionization. The electron is driven far from the parent system and driven back by the oscillating electromagnetic laser field, acquiring kinetic energy from it. This continuum electron may rescatter with the parent system and induce the emission of a high-energy photon whose frequency extends into the XUV and even the soft X-ray region. The common scenario in actual laboratories consists of focusing an intense IR femtosecond laser pulse into a gas target. The target, usually atomic, is commonly found in experiments as a gas jet, a gas cell, or a gas-filled capillary. The high nonlinear interaction between the IR field and each atom results in the emission of high-order harmonics of the central frequency of the fundamental IR field. Notably, radiation emitted by the atoms is coherent. Hence, the harmonic signal reaching the detector is strongly affected by the phase-matching between the driving IR field and the high-order harmonics as they propagate through the target medium [12] . Thus, HHG radiation results from the interplay between the microscopic single-atom emission and the macroscopic superposition of the emitted radiation from all atoms in the target. Harmonic energies up to the soft X-ray regime have been demonstrated using mid-infrared [13, 14] and vacuum ultraviolet [15] driving lasers. Interestingly, high-order harmonics are emitted in the form of extremely short laser pulses, in particular with pulse duration in the attosecond and femtosecond regimes [8, 9] .
A remarkable aspect of HHG is its fully coherent nature, mapping characteristics of the driver to the high-frequency harmonics. This property makes it possible to control the angular momentum features of the HHG radiation through the nonlinear interaction of the driving field with the target medium. The production of XUV vortices is achieved when the driving IR beam is also a vortex, as depicted in Figure 1 . The different emitters in the target perceive a different phase due to the helical phase structure of the driving beam. The local phase is imprinted to the harmonics, resulting also in vortex structures after the coherent superposition of the emission from the different points in the target. Harmonic vortices with different OAM modes have been obtained tailored by the driving beam, as we show in the following sections. 
First Experiments and Theory
The first experiment by Zürch and coworkers in 2012 demonstrated the production of a low-order OAM vortex via HHG-in particular the 23rd harmonic of a 800 nm beam (around 34 eV)- [16, 17] . This finding was surprising in the view of the present understanding of HHG, in which the phase of the harmonics scales roughly with the harmonic order [12] . Zürch and coworkers attribute the appearance of only low-charged vortices to parametric instabilities in the nonlinear propagation of the fundamental field.
In 2013, a theoretical approach, which considered both the generation of HHG by a single atom and the macroscopic superposition, predicted the production of high-OAM order vortices via HHG [18] . In particular, if the non-linear propagation of the driver is negligible-as in standard low density HHG experiments-each harmonic is generated with a topological charge of q (q being the harmonic order and the topological charge of the driving field), see Figure 1 . Shortly afterwards, this finding was experimentally proven by Gariepy et al. in Ref. [19] by measuring the transverse phase by an interferometric technique. Very recently, different approaches that make use of specific driving laser configurations have been proposed to control and tune the OAM content of the harmonic vortices [20] [21] [22] [23] , as we will describe below. Two theoretical approaches were described in Refs. [18, 24] in order to describe the nonlinear process of HHG with a vortex-structure driving beam. The first method includes a complete quantum description both at the microscopic (quantum single-atom) and 3D macroscopic (phase-matching) levels [25] . The calculation of the single-atom HHG is based on the Strong-Field Approximation (SFA) [26] [27] [28] [29] . An extension of the standard SFA, referred as SFA+ [30, 31] , can also be used to correct dynamical Stark-shift effects on the ground state, relevant for driving fields with IR and mid-IR wavelengths. The effect of propagation is computed using the electromagnetic field propagator in which the target, gas jet for example, is discretized into a set of j elementary radiating volumes (typically > 10 5 ) [25] . Propagation effects in the fundamental field such as the dispersion due to the plasma and neutral atoms, and the group velocity walk-off during the harmonic generation process are taken into account [32] . The second method to compute HHG vortex generation is based on assuming the target as a 2D thin slab perpendicular to the propagation axis of the fundamental beam. The thin slab model (TSM) is suited for studying pure transverse phase matching and neglects other effects that are induced from the longitudinal phase matching. In the TSM, a nonlinear model is used to describe the local HHG [33] at every point in the thin slab. The harmonics detected in the far field are computed using the Fraunhofer diffraction formula. Despite its simplified approach, the TSM provides a very useful insight of the transverse phase matching effects for a vortex driving field, where it has shown excellent agreement with the 3D SFA calculations including propagation [21, 24] . A review of both theoretical approaches can be found in Ref. [34] .
High-order harmonics are emitted with an intrinsic phase proportional to the intensity. This phase reflects the quantum nature of HHG, where the harmonics are generated by electrons following semiclassical recollision paths [29, 35] . Each cycle, two of these trajectories (long and short) contribute to the radiation of a particular harmonic, with a phase proportional to their mechanical action [12] . Therefore, any intensity variation is translated to the harmonic phase, as the trajectories leading to HHG are modified. In particular, the transverse intensity profile of the driving beam can lead to phase cancellations and to transverse phase matching effects [36] . This is specially important for the case of a vortex driver, where the singularity at the center creates a transverse annular intensity profile. The transverse phase matching leads to a different divergence angle of the harmonics generated by long and short trajectories [24] . It is possible, therefore, to select the radiation emitted from short and/or long paths and, consequently, to control the positive or negative temporal chirp of the associated attosecond pulses.
XUV Attosecond Helical Pulses
One of the most powerful spectroscopic tools provided by HHG is the generation XUV pulses of sub-femtosecond duration [8, 9, 37, 38 ]. An attosecond pulse train (1 as = 10 −18 s) is obtained by the selection of the higher frequency part of the harmonic spectrum that conform the plateau region [39] . There are two main ideal conditions that should be satisfied for the synthesis of attosecond pulses: the harmonic intensities should be similar and the harmonics should be phase-locked with a constant relative phase (phase locking). Those conditions are well approximated in a typical HHG scheme, and also when the driving field carries a nonzero OAM. In this later case, the similar divergence of the emitted harmonics allows the spatial superposition needed to synthesize attosecond pulses [18] .
It has been shown that attosecond pulses as short as ∼200 as are possible to be generated with a vortex structure [40] , the so-called attosecond helical beams. The structure and properties of helical beams are explored in Ref. [41] in terms of superposition of different OAM modes. Phase-matching control of the temporal and spatial properties of attosecond helical beams is explored in Refs. [24, 42] .
A recent experiment demonstrated the synthesis and characterization of XUV attosecond helical pulses [40] . In this experiment, the attosecond vortex pulse ionizes the gas target (Neon and Argon), producing electron wavepackets with helical shape. By using a well-known technique to characterize XUV attosecond pulses, called RABBIT [43] (reconstruction of attosecond beating by interference of two-photon transitions), in which synchronized XUV harmonics and IR beams ionize a target gas, the attosecond vortex pulse can be characterized. This experiment established the ground for characterizing ultrashort vortex pulses as well as opening the door for manipulating and generating helical electron bursts.
OAM Mode Mixing
First theoretical approaches of OAM HHG show a linear scaling law of the vortex charge with the harmonic order [18] , i.e., each harmonic was generated with a topological charge of q (q being the harmonic order and the topological charge of the driving field). However, the nonperturbative character of HHG modifies this law when the driving field is composed by a superposition of different OAM modes. A recent theoretical study analyzes the complexity of the twisted XUV beams generated by a driving field with non-pure OAM modes [21] . The non-pure OAM driving field presents a spatial intensity distribution in the transverse plane perpendicular to the propagation direction, with no cylindrical symmetry. As the accumulated intrinsic phase of the HHG process is intensity dependent, the coherent radiation emitted from all atoms in the gas target acquires an additional angular phase. This situation is analogous to applying a phase diffraction grating, which is dependent of the intensity distribution of the driving field, along the azimuthal coordinate, which explains the appearance of new OAM modes in the harmonic field.
In order to get a closer insight into the underlying mechanism, we consider a driving field composed of two OAM modes with the same weight: 1 = 1 and 2 = 2, as depicted in Figure 2 . If we consider the HHG process as perturbative, the OAM buildup of the q-th order harmonic is composed of different absorption channels (q − n, n), n ranging from 0 to q, associated with the two modes of the driving field. Each channel (q − n, n) has a weight proportional to the binomial probability distribution associated with the photon number combinations of absorbing q − n photons from the 1 mode and n photons from the 2 mode. As a consequence, the linear OAM buildup law ( q = q ) is expressed in the perturbative regime with two driving fields as q = (q − n) 1 + n 2 . However, in the nonperturbative regime of HHG, the OAM build up law is expressed as q = (q − n) 1 + n 2 + m( 2 − 1 ), where the new term depending on the index m represents the azimuthal diffraction order induced by the nonperturbative intrinsic phase modulation, whose upper bound is proportional to the maximum driving field intensity and depends on the short and long quantum paths [21] . By comparing the right panel of Figures 1 and 2 , we observe that the OAM spectrum of the emitted harmonics drastically deviates from the linear OAM law scaling in the case of a driving field with a OAM-mode superposition.
Note that the linear scaling law found in previous works corresponds to the collapse of this scenario for the particular case of pure (single-mode) OAM driving fields. This theoretical work shows the sensitivity of the nonperturbative aspects of strong-field interactions, which can be exploited to develop diagnostic tools for spatial intensity distributions and to tailor the OAM modes in the emitted harmonics in the XUV/X-ray regime. 
OAM Two-Color Mixing
A promising possibility to control the topological charge in the XUV/X-ray spectral region using HHG is to employ two separate driving beams that interact in the generation medium. The two beams can have different wavelengths and can carry a different topological charge. The approach used here is similar to studies aiming to control the polarization in HHG [44, 45] . A theoretical scheme was proposed in Ref. [19] in order to control the topological charge of the emitted harmonics by resorting to a non-collinear wave-mixing scheme with two-color laser beams. Recently, this scheme has been experimentally demonstrated [22] . In the experiment, one driving pulse at 800 nm carries zero OAM (Gaussian beam) and the other driving pulse at 400 nm carries a nonzero OAM (LG beam), generating high harmonics with controlled topological charge. The method allows the generation of harmonics with a low topological charge, independently of the harmonic order. This two-color experiment has been performed in a non-collinear as well as in a collinear geometry. In the non-collinear geometry, the generated harmonic beams carrying various OAM are distributed spatially with an angle related to their topological charge, while there are spatially overlapped in the collinear geometry. Notice that the same experiment has been also performed with two beams of the same wavelength [23] . These beam-mixing configurations make HHG a feasible tool to produce femtosecond XUV/X-ray pulses carrying a controllable amount of OAM. The approach can be extended to any combination of generating beams with various spatial properties and paves the route towards complete control of the spatial properties of HHG light [46] .
Plasma-Based Vortex Generation
Developing ultra-intense lasers is essential to excite and to probe matter in high energy density science. One of the key challenges for generating these extreme beams resides in the breakdown thresholds of standard optical elements, which limit the energy densities that can achieved by conventional means. Instead, because it is intrinsically broken, the plasma can behave as a nonlinear optical medium capable of withstanding extremely intense electromagnetic fields, without changing its nonlinear optical properties [47] .
While being exploited towards advanced acceleration concepts [48] , the recent advances are pushing the technological limits of plasma sources. Stable plasma sources, with density fluctuations below the sub-percent level, and characterised by pre-designed density profiles, are now possible [49] . With these advances, the plasma can be regarded as an optical element for ultra-intense light.
The nonlinear optical properties of the plasma are mostly determined by the motion of background plasma electrons. Their motion is not bound to physical boundaries, and can be shaped nearly arbitrarily, provided that it is subject to appropriately tailored electric and magnetic fields. Hence, in addition to supporting very high intensities without breaking, the plasma can be seen as a flexible optical element, whose properties can be nearly arbitrarily shaped. Ultra-intense vortex laser pulses carrying OAM provide an additional degree of freedom to control the motion of plasma electrons at ultra-high intensities. These vortex beams are then attractive to manipulate the nonlinear optics of plasmas, and to be, in turn, manipulated by the plasmonic structures themselves.
Despite these exciting prospects, the nonlinear optics of plasmas appearing when OAM is present is yet to be assessed at ultra-high intensities. This has motivated several experimental, theoretical and numerical advances that take advantage of the nonlinear optical properties of plasmas [50] [51] [52] [53] [54] [55] [56] [57] [58] [59] [60] [61] . The generation and amplification of vortex beams and its harmonics has been a key component of research related to these recent, but truly exciting, developments.
Generation and Amplification of Ultra-Intense Vortex Beams
An attractive path to create ultra-intense vortex laser pulses leverages on Raman amplification [50] , relying on stimulated Raman backscattering [62] [63] [64] . Just as in parametric amplification using a nonlinear crystal, Raman amplification relies on a three wave process to transfer the energy of a long pump laser pulse, with frequency ω 0 and wavenumber k 0 , to a counter propagating seed laser pulse, with (ω 1 , k 1 ), through the generation of a plasma wave during the interaction, with (ω p , k p ). The plasma wave plays the role of an idler wave in parametric amplification.
Stimulated Raman backscattering occurs when the frequency and wavenumber of the intervening lasers satisfy the matching conditions that ensure photon energy and momentum conservation. In the absence of OAM, seed pulse amplification then occurs when ω p = ω 0 − ω 1 . In addition, the corresponding matching condition for the wavenumber is (k p = k 0 − k 1 ). The matching conditions for ω and k need to be supplemented by an additional condition in the presence of twisted light. This additional matching condition, which expresses conservation of OAM, leads to the generation of a plasma wave with OAM. Similarly to the wavenumber matching condition, the OAM level of the plasma wave is given p = 0 − 1 , where ( p , 0 , 1 ) are the orbital angular momentum levels of the plasma wave ( p ), pump ( 0 ), and seed ( 1 ). Generation (and amplification) of new OAM modes can also occur in Raman amplification when the pump beam has field components in two orthogonal polarisations, with OAM 0 and 0⊥ in each polarisation [50, 65] . Hence, if the seed is initially polarised only along one of them, with 1 , a new mode, with 1⊥ = 1 + 0 − 0⊥ appears to ensure momentum conservation.
Because plasma electrons can usually adjust to the beating structure of the lasers, the plasma wave can always absorb the momentum mismatch (both the linear momentum, associated with the axial laser wavenumber, and the OAM) between seed and pump lasers. Thus, the amplification of a twisted laser pulse is possible even when the pump laser contains no OAM. This property is very attractive because the amplification of twisted light and non-twisted light can then be achieved using identical experimental setups.
High Orbital Angular Momentum Harmonics in Plasmas
Because of energy conservation, the nth harmonic of a laser with frequency ω and orbital angular momentum is characterised by frequency nω and orbital angular momentum n . Apart from an exceptional experimental result where this has not been observed [16] , conservation of energy and angular momentum is usually expected to occur, and has been demonstrated experimentally [19, 66] . These fundamental conservation laws appear to suggest that the OAM is always coupled to the high frequency harmonics. In strong contrast with these observations, Raman amplification can be used to generate high OAM harmonics while keeping the laser frequency unchanged, thereby manipulating the OAM as an independent degree of freedom. As a result, it may open the way to produce ultra-short vortex beams over the entire frequency spectrum and OAM range if combined with some other high harmonic generation mechanism [51] .
The generation of OAM harmonics in Raman amplification can be achieved by considering a pump beam consisting of a superposition of modes with different OAM modes, as shown in Figure 3a . The high OAM harmonics obey a simple algebraic rule, where the OAM of the nth harmonic is given by n = 1 ± n∆ , where n is an integer that refers to the harmonic order and ∆ = 01 − 00 is the difference between the OAM levels in the pump. All harmonics then appear when ∆ = 1, even harmonics are created when both ∆ and 1 are even, and odd when ∆ is even and 1 is odd.
The high OAM harmonics are created through an angular momentum cascade, where the energy flows from lower OAM components to neighbouring modes with higher OAM. An initial seed with 1 and pump with 00 and 01 , create a plasma wave that is a combination of two OAM modes, with 00 − 1 and 01 − 1 . The 00 pump mode beats with the plasma wave 01 − 1 produces a sideband component in the seed pulse with 1 + ∆ (∆ ≡ 00 − 01 ). The other pump mode with 01 beats with the remaining plasma wave OAM component, with 00 − 1 , creating a seed sideband component with 1 − ∆ . Each of these seed sidebands will continue to beat with the pump, adding new OAM harmonics. The high harmonics will be generated at least up to the order allowed by the paraxial approximation, valid as long as the azimutal laser wavenumber (associated with the OAM) is smaller than the longitudinal laser wavenumber (red line in Figure 3b ). If combined with conventional high harmonics generation, where the frequency and the OAM harmonics are upshifted by the same factor (red line in Figure 3b ), the scheme may enable the generation of light over the full OAM-frequency spectrum (shaded blue in Figure 3b) .
The generation of the OAM harmonics usually requires orbital angular momentum to be initially present. This requirement can be relaxed if circularly polarised lasers are used instead. According to theoretical and numerical calculations, the plasma can be used to convert SAM into OAM in second harmonic generation of circularly polarised photons [52] . Being an illustration of energy and angular momentum conservation, this process is also a demonstration of the spin to orbital angular momentum conversion. The process occurs when a circularly polarised photon, with wavenumber k 0 and spin angular momentum s = 1, interacts with a plasmon, with wavenumber k p and with no angular momentum. The plasmon can be initially produced by any high order process. During the interaction, a virtual plasmon appears with a frequency close to the optical frequency, with a wavenumber k 0 + k p , and with an angular momentum associated with the initial photon spin. Because of energy and momentum conservation, the interaction between the virtual plasmon with another spin polarised photon produces a second harmonic photon with wavenumber 2k 0 + k p and angular momentum s + = 2. Because s cannot be larger than the unity, the upshifted photon OAM is finite and given by = 1.
High vortex harmonic generation can also occur as an intense laser pulse propagates in an underdense plasma. This configuration was investigated theoretically and with numerical simulations. The mechanism for the generation of the high vortex harmonics depends on the laser polarisation. In linear polarisation, the high harmonics appear as a result of a cascade involving four-wave mixing. In circular polarisation, a three-wave mixing cascade is involved [53] .
High harmonic generation using vortex beams has also been investigated theoretically, numerically and experimentally, in a configuration where an ultra-intense twisted laser pulse interacts with a plasma mirror, a solid density target where ω 0 < ω p . The high harmonic generation model that is usually employed at laser intensities above Iλ 2 > 1.37 × 10 18 W/cm 2 µm 2 is the relativistic oscillating mirror (ROM) [54] . At these intensities, the quiver motion of the electrons at the target surface is relativistic. As electrons execute periodic oscillations in the laser fields, they also emit radiation at very high harmonics, which can reach the XUV for IR lasers with central wavelength λ 0 ∼ 1 µm. In the presence of twisted light, the oscillations at the target surface have an azimutal phase dependence, forming a vortex oscillating mirror (VOM) [55] . The reflected light electric (or magnetic) field, given by E ∼ a 0 sin {ω 0 t + φ + α sin [2(ω 0 t + φ)]}, can be decomposed in a Fourier series as
, where a 0 is the peak normalised laser vector potential, related to the laser intensity through a 0 8.6 × 10 −10 λ[µm]I 1/2 [W/cm 2 ] and α is a parameter related to the amplitude of the electron oscillations. The highest harmonic order is set by the plasma frequency, ω p , of the solid density. Thus, efficient generation of photons with nω > ω p occurs. In addition, and just as in the ROM, only the odd harmonics appear.
The coherent wake emission (CWE) is a distinct mechanism for high harmonics generation, which operates at intensities well below the relativistic regime, for Iλ 2 > 1.37 × 10 18 W/cm 2 µm 2 [56] . In the CWE, the high harmonics are generated by the periodic motion of electron bunches which are generated near the critical density. These electron bunches oscillate across the overdense plasma region, emitting a train of attosecond pulses that can be decomposed in high frequency harmonics that can extend up to the extreme ultraviolet.
The CWE of vortex light has been demonstrated experimentally, employing the 100 TW-class Ti:sapphire laser facility at CEA-IRAMIS, delivering 25 fs laser pulses [57] . The optical vortex of the main laser pulse, used to drive the high harmonics, was created experimentally by introducing a spiral phase plate in the collimated laser pulse. After the spiral phase plate, the laser acquired an OAM level = 1. The OAM corresponding to each frequency harmonic was retrieved with the aid of the interference pattern between the interacting high power beam and a reference Gaussian laser pulse. The reconstructed phase profile corresponding to each harmonic provided a clear demonstration that the upshifted frequency photons with frequency nω were also characterised by an OAM n . 
Plasma Holograms and Phase Plates for Ultra-Intense Lasers
The use of transient plasma gratings [58] to manipulate light at ultra-high intensities has attracted considerable experimental attention as it can be used to generate high power vortex laser beams, and their harmonics, at ultra-high intensities. Instead of being formed in an underdense plasma, as in Raman scattering, a transient plasma grating can be formed at the surface of a solid target. The use of this concept to generate intense vortex light has been recently demonstrated experimentally [59] .
The starting point to understand how a transient plasma grating can form is the observation that the plasma expansion velocity at the surface of a solid target can be controlled by the local laser fluence. Consider, for instance, the interference pattern of two laser pulses colliding at an angle, characterised by a sinusoidal fluence variation. Focusing these lasers at the surface of a solid target will lead to the generation of a sinusoidally varying density profile, a transient plasma grating. Because the plasma is not bound to physical boundaries, the electron expansion can assume the shape of complex interference patterns. Using a spiral phase plate to create a vortex beam from one of the two interfering lasers, the object beam, leads to a complex interference pattern that results in a forked plasma grating. This profile can be imprinted at the surface of the solid target, forming the plasma hologram. The information stored in the transient grating can be recovered by reflecting an ultra-intense laser pulse onto its surface. This procedure allows to create very high energy replicas of the object beam in the diffracted orders. At intensities above 10 16 W/cm 2 the response of the transient plasma grating becomes strongly nonlinear, leading to the generation of high harmonics.
A complementary theoretical proposal for the generation of ultra-intense vortex beams consists of using a solid density plasma target with a azimuthally varying thickness. Numerical simulations demonstrated that an intense Gaussian beam without orbital angular momentum interacting with this plasma-based spiral phase-plate could be used to generate OAM beams.
Compton-Based Vortex Generation
Thomson or inverse Compton backscattering light source is able to generate photons in a wide energy range from the x to the gamma ray. Based on the working principle of this source, a scheme has been proposed to produce OAM beams. This scheme consists of sending a relativistic high-brightness electron beam in opposite direction to a laser beam carrying a well-defined OAM; the transfer of OAM to the emitted radiation has been studied theoretically [67, 68] .
Generation of XUV Vortices with Accelerator-Based Sources
Accelerator based light sources such as synchrotrons and free-electron lasers (FELs) are commonly used to generate coherent radiation in the XUV/X-ray spectral domain. In these two sources, light is produced by relativistic electrons wiggling inside a periodic and static magnetic field of an undulator (For Synchrotrons, Incoherent Light Is Also Generated from Bending Magnets). While synchrotrons are typically used for chemical and structural characterization at the picosecond time scale, modern FELs delivering ultra-short, high peak brightness light pulses are capable of probing structural and chemical properties of matter with a femtosecond temporal and nanometer spatial resolution.
During first experiments with accelerator-based sources, optical elements such as spiral phase plates were placed directly into the XUV/X-ray light beams to generate OAM [69, 70] . However, this approach may not be a good option for high-intensity X-ray pulses, mainly due to the difficulties to fabricate high-quality optics, the lack of wavelength tunability, and the damage threshold at high intensities. Therefore, in-situ techniques such as, e.g., generation of OAM from helical undulators are being explored. Latest approaches take advantage of seeded FELs where the vortex structure can be directly imprinted onto the relativistic electron beam.
Undulator Based OAM Radiation
The transverse radiation profile from a planar undulator at the fundamental wavelength of emission is limited to a Gaussian-like mode with no azimuthal phase variation. On the other hand, an undulator also emits higher harmonics whose transverse profile depends on the undulator geometry. E.g., in a helical undulator, generating circularly polarized light, the harmonics are characterized by a vortex structure of the transverse mode and carry an OAM of (h − 1)h (with the topological charge = h − 1), where h is the harmonic order. The theory was developed by Sasaski and McNulty [71] and experiments demonstrating this approach were performed in 2013 with a synchrotron light source [72] and 2014 with a FEL [73] . Despite the experimental simplicity, the approach suffers from low efficiency (few percent) of the undulator harmonic emission compared to the fundamental.
High-Intensity X-ray Pulses: FELs
The natural approach to generate vortex beams in a FEL is to use a seeding scheme. In a seeded FEL, an external laser imprints a periodic energy modulation at the seed wavelength onto a relativistic electron beam traveling inside the first undulator (called the modulator). This energy modulation is converted into a spatial current density modulation (bunching), after the electron beam goes through a dispersive section. The bunched beam emits coherent XUV or X-ray radiation as it travels along subsequent undulators (called radiators). In a seeded FEL, the generated pulse inherits the properties of the seed laser, in particular the high longitudinal and transversal coherence [74] .
The first proposition for generation of OAM in a seeded FEL derives from the previous approach by Sasaski and McNulty. A Gaussian seed is superimposed on the electron beam in a helical undulator [75] . The resonant wavelength (equal to the seed wavelength) is set to the second harmonic resonance of the undulator instead of the fundamental (as for the standard seeded FEL). This interaction directly imposes a helical spatial structure onto the electron beam. Such a helicaly bunched beam generates an optical vortex as the beam goes through the radiator. In this case, OAM beams with a topological charge l = 1 are produced at the fundamental frequency of the seed. The method therefore requires a coherent XUV or X-ray input signal. Bottom panels: OAM generation based on the transverse shaping of an initially Gaussian seed laser. The phase mask is used to modulate the transverse intensity and phase distributions of the seed that interacts with the electron beam along the modulator. The four-quadrant staircase-like phase dependence of the seed is then transferred to the electron beam. In the radiator, the electron beam generates XUV radiation that evolves into an OAM mode after amplification in a, e.g., 20-m-long radiator.
Two other theoretical propositions exploit the harmonic seeding scheme where the emission and amplification of X-ray radiation occur at a high harmonic n of the seed. This is the working principle of High Gain Harmonic Generation (HGHG) FELs which allow generation of XUV to X-ray light starting from a visible or UV laser [74, 76] (see top panel Figure 4) . The simplest way to produce helical bunching would be to seed the FEL directly with an OAM beam, by putting a spiral phase mask into the path of the visible seed laser. However, this approach fails for HGHG FELs, because the frequency up-conversion produces a high order optical vortex (with = n × 0 , where 0 is the topological charge of the seed). Such high order optical modes cannot be sustained during amplification in the radiator due to strong diffraction and low coupling with the electron beam. To overcome this issue, the corkscrew-like distribution is imprinted on the electron beam at the final emission wavelength, such that the topological charge does not depend on the harmonic number and is equal to unity ( = 1). The first idea is based on frequency mixing between two seed lasers in an Echo-Enabled Harmonic Generation configuration [77] . The second approach uses a particular shaping of the transverse profile of the seed laser in a HGHG FEL [78] (see bottom panels Figure 4 ). These seeding methods represent the most promising way to generate powerful OAM radiation. However, no experimental demonstration has been carried out so far in the short wavelength range.
Perspectives and Applications
Novel sources capable of generating vortices at short wavelengths not only offer the possibility of extending previous applications of optical vortices in the XUV/X-ray regime, but also of exploring and developing applications with no precedence. For example, absorption and photoionization of atoms, molecules, and nanostructures with vortex beams offer a richer light-matter interaction beyond the customary plane-wave selection rules [79] [80] [81] [82] [83] [84] [85] [86] [87] [88] [89] . Those open new prospects for spectroscopy in the XUV and X-ray regime, such as exciting forbidden-electric-dipole transitions in quantum dots [90] , discerning the magnetic sublevels in atoms and clusters [91] , inducing charge current loops in fullerenes controlled by the topological charge of the vortex [92] , novel dichroism absorption spectroscopy beyond circularly polarized light [93] [94] [95] , and for the production of unconventional skyrmionic defects [96] , which are very promising to produce magnetic memory devices at the nanometer scale [97] . The ionization of atoms with attosecond vortex pulses can also have further applications to tailor and manipulate the ionized electron wavepackets, imprinting an helical phase [40] . Those helical electron bursts can be used for spectroscopy and microscopy applications in condensed matter systems [98, 99] . Here we should also note another type of helical electron bursts produced by two circularly polarized pulses instead of pulses carrying OAM [100, 101] . Other schemes have been proposed for X-ray spectroscopy based on scattering rather than absorption. A resonant inelastic spontaneous scattering has been theoretically studied for molecular vibrational spectroscopy [102] . Also, the possibility to explore the dynamics of magnetic vortices have been proposed with resonant OAM X-ray scattering [103] . X-ray vortices can also find applications in which spatial coherence is required, such as coherent phase-contrast imaging or ptychography [104, 105] . Also in the excitation of nuclear transitions that requiere large amount of angular momentum [106] .
Optical vortices in the XUV/X-ray regime can also be generated in the form of attosecond and femtosecond pulses. This ultrashort pulse duration allows the study of very fast dynamics with time-resolved schemes combined with the unique properties of vortex pulses. This is definitely a new landscape ideal to be explored with the new generation of ultrashort vortex pulses.
Although SAM and OAM stand for different properties of light, they are not independent, and light beams are known to exchange SAM and OAM at the nanoscale [107] [108] [109] [110] . A recent work has proven that fractional OAM harmonics can be generated through HHG in an scheme where OAM and SAM are conserved separately [111] . On the other hand, vector beams, i.e., beams with varying spatial polarization [112] , are nowadays produced in the XUV regime [113] and they could be used to trigger SAM-OAM interaction in harmonic generation schemes. Whether OAM and SAM are exchanged in the HHG process remains unobserved.
